An approach combining the method of moment equations and the statistical linearization technique is proposed for analysis of the response of non-linear mechanical systems to random excitation. The adaptive statistical linearization procedure is developed for obtaining a more accurate mean square of responses. For these, a Duffing oscillator and an oscillator with cubic non-linear damping subject to white noise excitation are considered. It is shown that the adaptive statistical linearization proposed yields good accurate results for both weak and strong non-linear stochastic systems.
Introduction
Interest in the investigation of random phenomena has increased considerably over the recent years, due to various problems encountered in engineering applications. It is well known that all real engineering systems are, more or less, non-linear and for those systems an exact solution exists only for very few special cases of limited practical Value. Consequently, it is a logical approach to develop approximate methods for the analysis of non-linear stochastic systems. As mentioned by Wu and Lin [ 1 ] , an approximate technique should meet three criteria: accuracy, simplicity and versatility. The general idea of the approximate methods available is to replace equations that are non-linear by equations that are easier to solve, using a certain sense of equivalence. If the latter equations are linear one is dealing with statistical linearization. Furthermore, if the coefficients of the linearized equations are evaluated by an assumption about the Gaussianity of the system response the statistical linearization used is known as Gaussian or normal. It is shown by many authors (see e.g. [2]), that this kind of linearization is the simplest and most useful tool for analysis of non-linear statistical problems. However, this technique is limited by two restrictions. First, the accuracy of the Gaussian statistical linearization decreases as the non-linearity increases. Second, it only yields estimates of the first and second moments of the response.
An alternative approach to non-linear problems is the method of moment equations, which can give estimates of all the moments of the response. However, the difficulty with this approach is that one is led to the well-known problem of closure, (see [3] , [4] ). There is a method of combining these two approaches, namely the first and the second moments are * Presented at the First European Solid Mechanics Conference, September 9-13, 1991, Munich, Germany determined by statistical linearization, and the other higher moments are found from the moment equations. In this paper, such a 'middle' approach will be presented.
Problem of Closure
Consider, as an example, the Duffing oscillator
with the displacement variable x(t). In this equation, a dot denotes time differentiation, h and COo are the damping constant and the natural frequency, respectively. The constant 3' quantifies the non-linearity of the stiffness. The excitation ~(t) is a zero mean Gaussian white noise with autocorrelation Re(,-) = + 7.)) = (5(7.).
( 2) where ( ) denotes the expectation, and (5(7-) is Dirac's delta function. It is well known that, for stationary responses, the velocity a~(t) is a Gaussian random variable, which is independent of the displacement x (t). Furthermore, the second moment of velocity is (a~ 2) = o'2/4h.
Since the velocity a~(t) is a Gaussian random variable, all its odd moments vanish, while the even ones are @2n) = (2n-1)! !(22)n (4)
where (2n-1)!!= 1.3.5..(2n-1).
Dealing with the displacement statistics, the following moment equation can be obtained using the Fokker-Planck equation approach
where ~b(x) is an arbitrary function with continuous derivative. Assuming firstly "~b(x) = x 2k+1 , k = 0, 1,2,..., in (5), one obtains the even moments of the displacement (x 2k) as 4h. 2" 2, 1 = -~(coo(X )+ 3"(x4}), 4h 2 4 3(X 2) = ~-~(CO0(X ) q-3'(X6)),..., (2k + 1)(x 2k) ---~ ~2 (CO02(X 2k+2) "~-3'(/2k+4)).
Assuming secondly ~b(x) = x 2~, k = 0, l, 2,..., in (5) it is found that all odd moments of the displacement (x 2a+1 } vanish. The system of even moment equations (6) is an infinite hierachy in the sense that the equation for the second moment (x 2) contains the fourth moment (x 4} and the equation for (x 4) contains the sixth moment (x6}, etc. Thus one is led to the well known 'problem of closure' which is how to truncate the system of moment equations (6). In
